Periodic solutions and asymptotic stability  by Sell, George R
JOURNAL OF DIFF-ERENTIAL EQUATIONS 2, 143-157 (1966) 
Periodic Solutions and Asymptotic Stability1 
GEORGE R. SELL 
School of Mathematics, 
University of Minnesota, Minneapolis, Minnesota 
INTRODUCTION 
A sufficient condition for the existence of an almost periodic motion in a 
dynamical system was presented in [I]. In the present paper we continue 
this study and consider the question of existence (and stability) of periodic 
motions. We prove (Theorem 1) that a podtively Lagrange-stable motion 
which is asymptotically stable limits to a periodic motion. This can be viewed 
as an extension of the Poincare-Bendixson Theorem since it gives a topo- 
logical criterion for the existence of a periodic motion. In Theorem 3 we give 
a necessary and sufficient condition that a Lagrange-stable motion be a 
periodic motion. These results are then applied to the study of various con- 
cepts of stability in ordinary differential equations. In particular, we study 
uniformly asymptotically stable solutions of periodic, or autonomous, dif- 
ferential equations. A typical result is: if v(t) is a solution of an autonomous 
differential equation that is bounded, for t 3 0, and is uniformly asymp- 
totically stable, then lim t+a, p)(t) exists, and this is a uniformly asymptotically 
stable equilibrium point of the differential equation. 
1. BASIC DEFINITIONS 
Let (X, d) be a metric space and let n : X x R -+ X be a flow or dynamical 
system on X, where R denotes the real numbers. Let Q, denote the w-limit 
set of the point p E X. Let 
r’(P) = Mp, t) : t 3 0) and y(p) = {rr(p, t) : - co < t < 00) 
denote the positive semitrajectory and the trajectory of the motion through p. 
If  I C R, then T@J, 1) = {+p, t) : t ~1). I f  A C X, let 
B(A ; c) = {x E X : d(x, a) < E for some a E A}. 
’ This paper was presented to the American Mathematical Society in January, 1965. 
The research was supported in part by NSF grant GP-2280. 
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Notice that for any A C X, one has %(A; E) = B(C1 A; E), where Cl denotes 
the closure operation. 
DEFINITIONS. (i) A motion n(p, t) is said to be Lagrange-stable if r(p) 
is relatively compact, that is, if Cl r(P) is compact. The motion is positively 
Lagrange-stable if r+(p) is relatively compact. 
(ii) A motion ~(p, t) is periodic if there is a 7 > 0 such that 
r(Pt 2 + T) = p(p, 4 for all t in I?. 
7 is said to be a period of the motion. 
(iii) A motion a@, t) is almost periodic if for every E > 0 the set 
{T E R : d(rr(p, t + T), ~(p, t)) < E for all t in R} 
is relatively dense in R. 
(iv) A motion ~(p, t) is said to be unz~ormly-positively Lyupunov-stable 
with respect to a set D C X if for every E > 0, there is a 6 > 0 such that 
+(q, t), 44 t)> < E f  or all t 3 0, whenever q E r+(p), 4 E D and d(q, @) < 8. 
(v) A motion x-(p, t) is (positively) asymptotically stable with respect to 
D C X if (a) it is uniformly-positively Lyapunov-stable with respect to D, 
and (b) there is an q, > 0 such that for each q in D with d(q, r+(p)) < r10 ,
there is a 7 in R with the property that d(n(q, t), m(p, 7 + t)) + 0 as t -+ co. 
The last property (b) can be stated another way: Let A(p) denote the set 
of all q in X such that there is a 7 in R with the property that 
+(q, t), dp, 7 + t)) -j 0 as it+ 00. 
(A(p) is said to be the region of attraction of the positive semitrajectory 
through p.) The motion ~(p, t) has property (b) if there is an Q > 0 such 
that D n W+(P); Q> C A(P). 
Let us note that if QD is not empty and q E A(p), then d(rr(q, t), Q,) + 0 
ast--+co.HenceQ,CQ9. 
(vi) I f  D = X in either (iv) or (v) we then say that the motion is, res- 
pectively, uniformly-positively Lyupunov-stable, or asymptotically stable. 
Let us note that if ZQJ, t) is asymptotically stable, then for some r10 > 0 
one has 
WC1 r’(P); 10) = %+(P); 70) c A(P). 
So in particular Q, C Cl r+(P) C A(p). 
(vii) Let D be a nonempty invariant set in X. We say that the flow is 
equicontinuous on D provided that for every E > 0 there corresponds a 6 > 0 
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such that ifp, q E D and d(p, q) < 6, then d(+, t), rr(q, t)) < E for all t in R. 
The flow is distal on D whenever it is true that for any pair of distinct points p 
and q in D there is an r) > 0 such that d(n(p, t), +q, t)) > 7 for all t in R. 
LEMMA 1. Let D be a compact, minimal set of almost periodic motions. Then 
(A) the flow is equicontinuous on D, and 
(B) the jaw is distal on D. 
Proof. The proof of (A) can be found in [2; Corollary 8.091. Part (B) fol- 
lows from (A). That is, if the flow is not distal, then there exist distinct points9 
and q in D and a sequence {tn} in R such that d(p, q) = 2~ > 0 and 
d(rr(p, t,), rr(q, t,)) + 0 as n + co. Now with E given above, let 6 
be chosen by the equicontinuity. Choose n sufficiently large so that 
d(rr(p, t,), n(q, t,)) < 6. By the condition of equicontinuity we get the con- 
tradiction 
2~ = d@, q) = +(@, tn), - tn), +(q, tn), - a)) -c 6. Q.E.D. 
2. STABILITY AND PERIODICITY 
The following theorem was proved in [I]. 
THEOREM 0. Let ~(p, t) be a positively Lagrange-stable motion that is 
uniformly-positively Lyapunov-stable with respect to y+(p) u Q, . Then Q, 
is a minimal set of almost periodic motions, 
We now propose to prove the following result. 
THEOREM 1. Let ~(p, t) be a positively Lagrangian stable motion. If  n(p, t) 
is asymptotically stable, then &, consists of a single periodic motion, that is, 
?r(p, t) limits to a periodic motion, n(q, t). Moreover, the periodic motion rr(q, t) 
is asymptotically stable. 
The proof of this theorem relies heavily on the stability properties of 
motions neat the given motion rr(p, t). Let AS be the set of initial conditions 
p E X such that the motion rr(p, t) through p is asymptotically stable. It is 
clear that the set AS is positively invariant. Let us now prove that AS is open. 
LEMMA 2. The set AS is open in X. Moreover, if y+(p)C AS, then. there 
is an 7 > 0 such that S(r+(p); 7) C AS. 
Proof. Since AS is positively invariant, it will suffice to prove the second 
part of the lemma. Let p E AS and let T,, > 0 determined so that 
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B(Y+(P); Q> C 4~). With E,, = 7,,/2, determine 6, = S(Q) by the uniform- 
positive Lyapunov-stability of ~(p, t). We now propose to show that if 
17 = S,/2, then B(y+(p); 7) C AS. 
I f  q E 8(y+(p); S,), then for some 7 > 0, one has 
for all t > 0. 
In other words, if q E B(y+(p); 6,) then y+(q) C B(r+(p); ~,/2). Now let 
4 E %J+w; 4J and 4 E %(y+(q); ~/2). Then both q and 4 are in 
%JYP)i 70) c A(P)- c onsequently, there are numbers T and i in R such that 
This implies that d(+j, t), r(q, + - 7 + t)) -+ 0 as t + co. That is, 4 E A(q), 
or ww; %lP) c 49). H ence, each q in B(y+(p); 6,) has the property (b) for 
asymptotic stability. 
We must now show that for each q in B(y+(p); S,/Z) the motion n(q, t) 
is uniformly-positively Lyapunov-stable. It will then follow that 
%+(P); 442) C AS. To P rove the Lyapunov-stability of +q, t) we let 
E > 0 be given and let S(E) be determined by the Lyapunov-stability of 
rr(p, t), By the asymptotic stability of +, t) determine T > 0 so that 
q47, 9, dp, 7 + 9) < gq4 < E (1) 
for some 7 in R and for all t 3 T. By continuity, for each t, in the interval 
0 < f, < T, there is a 6, > 0 such that if d(G, x(q, ti)) < 6, , then 
4+&s), “(9, 4 + 4) -=c 8 h(E) for O,(s<T-tt,. 
[Note that 6, < *S(E).] Now the open sets B(n(q, t,); 6,) cover the compact 
arc rr(q, [0, T]), so we can select a finite subcovering, which we denote by 
fw+?, h); Sl), **-7 B(m(q, 2,); 6,). Now let 8 = min (6, , .m*, S,). We now 
claim that if d(@, d,q, F)) < 8 for some + > 0, then d(?r(i, t), r(q, + + I)) < 2~ 
for all t > 0. To prove this, there are two cases to check: (i) 0 < e < T and 
(ii) T < +. 
In case (i) we have 
d(@, s), r(q, + + s)) < 6 S(E) < E (2) 
for 0 < s < T - +. By combining (2) with (1) for t = T we get 
44% T - +), T(P, 7 + T)) < j&), 
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so 
445 t), n(P, 7 + + + 2)) < E 
for t 3 T - +. Consequently, by combining (1), (2), and (3) we get 
d(+?, t), 4% + + t)) < 2E for all t 3 0. 
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In case (ii) (T < +) we have d(@, ~(4, +)) < 8 < &S(E). Hence, by (1) 
d($, n(p, T + +>) < 6, so 
++A 4, n(P, 7 + + + 4) < E (4) 
for all t 2 0. By combining (1) and (4) we get d(@, t), “(4, 6 + t)) < 2~ 
for all t 3 0. Q.E.D. 
A statement similar to this lemma was proven for differential equations 
by J. L. Massera [3]. 
It is immediate consequence of Lemma 2 that the limiting motion (in 
Theorem 1) is asymptotically stable. 
LEMMA 3. Let D be a minimal set in the dynamical system and let q E D. 
D consists of a single periodic motion ;f and only if D = y(q). 
Proof. I f  D consists of a single periodic trajectory then it is clear that 
D = Cl y(q) = r(q). For the converse, we recall [4; Corollary 5.131 that if a 
minimal set D does not consist of a periodic motion then it contains uncount- 
ably many distinct motions, This implies that D f y(q) for any q E D. 
Q.E.D. 
The last result also appears in W. H. Gottschalk and G. A. Hedlund [5]. 
Proof of Theorem 1. Since ~(p, t) is asymptotically stable, it is uniformly- 
positively Lyapunov-stable with respect to r+(p) u Qn, . So by Theo- 
rem 0, Sz, is a minimal set of almost periodic motions. However, 
r+(p) u QP C Cl r+(p). Now by Lemma 2, 
Wl r’(P); 7) = w+(P); 34 c AS 
for some 77 > 0. Hence, Sz, C AS. 
Let q E Sz, . I f  Q, f  y(q), then there is a 4 in Sz, - y(q). By the asymptotic 
stability of r(q, t), there is a 7 in R such that d(a(t, t), “(4,~ + t)) + 0 as 
t+ 03. Consequently, the flow on QP is not distal, which contradicts Lemma 1. 
Hence 9, = y(q) and by Lemma 3, rr(q, t) is periodic; and as already observed, 
r(q, t) is asymptotically stable. Q.E.D. 
Remarks. 1. Our definition of asymptotic stability is stronger than 
related definitions appearing elsewhere in the literature since we require a 
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uniformity in the Lyapunov-stability. Also, the set ill = Cl r+(p), under the 
hypotheses of Theorem 1, is a stable attractor, in the sense of Auslander 
et al. [6]. However, the following converse statement is not true: If  the set 
M = Cl r+(p) ( w h ere ~(p, t) is a positively Lagrange-stable motion) is a 
stable attractor, then n(p, t) is asymptotically stable. For example, let M be a 
minimal set [4; Example 8.141 given by the closure of a recurrent motion 
that is not almost periodic. M is then a stable attractor, but no motion in M 
is uniformly-positively Lyapunov-stable by [4; Theorem 8.121. 
2. One may ask whether our condition of asymptotic stability can be 
weakened. There are two aspects to this question, namely, can property 
(a) or property (b) be weakened. Property (a), the uniform-positive Lyapunov- 
stability, was used to conclude that Q9 is a minimal set of almost periodic 
motions. The question of weakening this is not settled, but it was discussed 
in [I]. It is possible to state a weaker form of property (b) and ask only 
that A(p) contain some open neighborhood of Y+(P). In this case, our proof 
would break down since the set Q, may not be in A(p), and consequently, 
the motions in Q, may not be asymptotically stable in this weaker sense. 
The following example will illustrate this. 
Let ~((0, p)), 1) be a Kronecker flow on the torus T* = S x S1. That is, 
if T2 is parameterized by 
then 
p. 
1 
0 < e < 1 
.0<9,<1, 
where p is irrational and the bracket [ ] is defined by [e + t] = B + t (mod 1). 
Every motion in T2 is almost periodic but not periodic, and T2 is a minimal 
set. The example we seek will be a flow on a subset of T2 x R. 
On the space T2 x R define a flow n* by 
~*((p, 4J, 2) = (4p, 4, ++), 
where p E T2 and x0 E R. Let r*(p, x,,) denote the trajectories of the flow 
r* on T2 x R. The set XC T2 x RI is defined to be the n*-invariant set 
X = (T” x (0)) u (r*@, , 111, 
where p, is any fixed point in T2. ‘in * also defines a flow on X. Moreover, the 
region of attraction A*@, , 1) is precisely y*(ps , l), and this is an open set 
in X. Furthermore, the w-limit set Qnt,,i, is T* x (0). This is not in A *(p, , I), 
and it does not contain any periodic motions. 
It is possible to weaken the hypotheses of Theorem 1 in another direction 
PERIODIC SOLUTIONS AND ASYMPTOTIC STABILITY 149 
and ask for asymptotic stability with respect to a subset. The following result 
is proved in a manner similar to that of Theorem 1. 
THEOREM 2. Let rr(p, t) be a positively Lagrange-stable motion. If rr(p, t) 
is asymptotically stable with respect to D, where Cl y+(p) C D, then Q9 con- 
sists of a single periodic motion. Moreover, the limit motions in Q,, are asympto- 
tically stable with respect to D. 
One may ask, now, whether a motion that is Lagrange-stable (instead of 
merely positively Lagrange-stable) and asymptotically stable is a periodic 
motion. The answer is, in general, no. Consider the following example in 
R2, written in polar coordinates: 
r’ =f(r), 6’ = I, 
where f is a P-function satisfying f(0) = f(1) = f(2) = 0 and f(r) > 0 if 
0 < r < 1 and f(r) < 0 if 1 < r < 2. The trajectories r = 1 and Y  = 2 
are periodic with period 2x. Also the motion through each point p = (r, e), 
where 0 < T < 2, is asymptotically stable. However, if r # 1, this motion 
is not periodic. 
If one makes a further assumption about the negative trajectory, then it is 
possible to conclude that the motion is periodic. Indeed, we have the following 
result. 
THEOREM 3. Let ~(p, t) be a Lagrange-stable motion that is asymptoticah’y 
stable. A necessary and su$icient condition that Z-Q, t) be a periodic motion is 
that Cl y(p) CA(p). 
Proof. The necessity follows immediately from the definitions. In order 
to prove the sufficiency, let us first observe that, by Theorem 1, G, consists 
of a single periodic motion. We want to show that p E 12, . As already noted, 
the set Q9, is a stable attractor, and if q is any point in A(p) then ~(4, t) + J2, 
as t --f co. Since ~(p, t) is Lagrange-stable, the ol-limit set A, is nonempty and 
24, C Cl Y(P) C A(P). I-I owever, by [6; Theorem 51 the set A(p) does not 
contain any or-limit points of motions beginning in A(p) - Q, . Hence 
p E .G$ , so rr(p, t) is periodic. Q.E.D. 
A weaker form of Theorem 3 is possible. 
COROLLARY. Let ~(p, t) be a Lagrange-stable motion that is asymptotically 
stable with respect to D, where Cl y+(p) C D. Then rr(p, t) is a periodic motion 
if and only if Cl y(P) C A(p). 
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3. STABILITY FOR ORDINARY DIFFERENTIAL EQUATIONS 
In this section we recall several definitions of stability which will be used 
in the sequel. Most of these concepts are quite familiar. (See, for example, 
Cesari [7], Hahn [a], Lefschetz [9], and Massera [3].) 
Consider the differential equation 
x’ = f(x, 4, (5) 
wheref : W x R1 ---f R” is continuous and W is an open set in R*. We assume 
that there is a unique solution of (5) passing through each point p = (x, , to) 
in W x R1. Let ) x j denote the norm of a vector in R”. 
As is well-known, the question of stability of a given solution y(t) of (5) 
can be reduced to the same question of stability of the null solution of the 
related variational equation of ‘p. That is, if 
then every solution 4(t) of 
u’ = F(u, t) (6) 
corresponds to the solution 4(t) + p(t) of (5). Moreover, F(0, t) = 0 for all t. 
Now let $(uO , d, , t) denote the unique solution of (6) passing through the 
point (a0 , t,). 
(It is customary to refer to the linear part of (6) as the “first variational 
equation.” We will not use the first variational equation, so no ambiguity 
should arise in our more general usage of the term.) 
We say that the null solution of (6) is: 
(i) uniformly t 6E ( s II e in the sense of Persidskii) provided that for every 
E > 0 there corresponds a 6 > 0 such that if to > 0 and / r+, 1 < 6, then 
I *cue Y t,,t)I <Eforallt>t,; 
(ii) uniformly asymptotically stable provided it is uniformly stable, and, 
in addition, there is a 6, > 0 such that if to > 0 and 1 ZJ~ / < 6, , then 
I 1cl(uo % to 3 4 I +Oas t-co; 
(iii) uniformly asymptotically stable-in-the-Zavge if it is uniformly stable, 
and for every to > 0 and every u. , one has / $(lco , to , t) 1 - 0 as t + 03. 
We say that the solution p)(t) of (5) is, respectively, unzyormly stable, uni- 
formly asymptotically stable, or uniformly asymptotically stable-in-the-large if 
the null solution of the corresponding equation (6) is, respectively, uniformly 
stable, uniformly asymptotically stable, or uniformly asymptotically stable- 
in-the-large. 
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We define the region of attraction of the null solution of (6) as the set of all 
points (u,, , to) in Rn x R1 such that j zJ(us , t, , t) 1 + 0 as t + co. Then the 
null solution of (6) is uniformly asymptotically stable if it is uniformly 
stable and some cylinder {(u,, , t,) : 1 ZQ, 1 < 6, , t, 3 0} lies in the region of 
attraction. Similarly, if v  is any solution of (5) the region of attraction of 9), 
A(T), is defined as the set of all (x0, t,) in W x R’ such that t, > 0 and 
C&X,, t, , t) - p(t) 1 + 0 as t---t co, where 9(x,, t,, t) is the solution of (5) 
passing through (x0 , 2,). 
A remark on the terminology is in order. Uniform stability is the same 
concept as used by Antosiewicz [IO] and Massera [3]. Our concept of uniform 
asymptotic stability differs from theirs. Our type of stability is weaker than 
the uniform asymptotic stability of Antosiewicz and Massera, and it is 
stronger than their concept of asymptotic stability. The type of asymptotic 
stability defined above was mentioned, but not named, in [1Z]. 
4. PERIODIC DIFFERENTIAL EQUATIONS 
Let us now consider the differential equation 
x’ =f@, t), (7) 
where f  : Rn x RI + R” is continuous and periodic in t, say with period w. 
Assume, further, that some uniqueness condition holds for (7), and if 
P = (% Y P t ) E R” x R1 let C&J, t) denote the solution of (7) through p. Let 
LB denote the set of all initial conditionsp such that q~(p, t) is defined for all t 
in R. It was shown in [I] that if there is a solution of (7) which is bounded 
for all t > 0, then LB is nonempty. 
DEFINITION. A solution F(t) of (7) is said to be harmonic if the solution 
is periodic of period kw for some integer K 3 1. (It should be emphasized 
that neither here, nor in the definition of (7), do we assume that the periods 
are minimal. In particular, an equilibrium point is a harmonic solution.) We 
can now prove the following result. 
THEOREM 4. If there is a solution g)(t) of (7) that is bounded for t > 0 
and is uniformly asymptotically stable, then there is a harmonic solution of (7). 
Moreovu, this harmonic motion is uniformly asymptotically stable. 
Proof. We proceed in a manner similar to that used by Deysach 
and Sell [I]. By identifying the hyperplanes t = 0 and t = w we can imbed 
Rn x R1 into an open torus T = R” x Sr, where the point p = (x, t) is 
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mapped onto p = (x, [t]) and [t] = t (mod w). The set LB is then mapped 
onto a set X in T. and the function 
T(P, t) = (90, t, + 9, [4l + 4 
(where p is any pre-image of p) gives a flow on X. To be definite, we will 
say the metric on T (and X) is given by 
4P,q) = I% - % I + P([hJ, [a 
where p is the metric on 5” that is inherited from R2. 
Now let ~(p, t) be a solution of (7) that is bounded for t > 0. There are 
two cases to consider: (i) p ELB and (ii) p $LB. I f  p ELB, then the corre- 
sponding motion ~(p, t) in X is positively Lagrange-stable. By means of a 
straightforward calculation, one can show that if ~(p, t) is a uniformly 
asymptotically stable solution of (7), then the corresponding motion ~(p, t) 
is asymptotically stable in X. Thus, by Theorem 1, the limit set Sz, consists 
of a single periodic motion ?r(q, t), which is asymptotically stable. Conse- 
quently, the corresponding solution cp(q, t) of (7), where q is any pre-image 
of q, is harmonic. Also, one can easily show that v(q, t) is uniformly asymp- 
totically stable. 
If  p $LB, the argument can be modified in the following way. Since 
~(p, t) is bounded for t > 0, there is a u > 0 such that 
Cl MP, 4 : t 3 01 c B(Q) 
where %(a) is the set of all x in Rfi with ] x 1 < (T. Now consider the equation 
where a(r) is a real-valued (?-function defined on 0 < r < co and satisfying 
the condition 
a(r) = 
1, if O<r<CT, 
0, if 2a<r<a3. 
The solutions of (8) are unique and defined for all t. Moreover, the solutions 
of (8) agree with those of (7) in the region a(u) x RI. For equation (8) the 
set Gr, lies in %3(a) x Sr, so this consists of a single periodic motion a(q, t), 
which is asymptotically stable. Hence, the corresponding solution of (8), 
which is also a solution of (7), is harmonic and uniformly asymptotically 
stable. Q.E.D. 
If  one assumes that the solutions of (7) are defined for all t > 0, then the 
last theorem can also be proved by using a result of J. P. LaSalle [Z2]. More 
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precisely, one can then introduce a map Q, : Rn + Rn as follows. If  x E R”, 
let p, = (x, 0) and define 
LaSalle introduced a concept of asymptotic stability of the set {x, B(x), 
W(x), ...}. It is an easy exercise to show that if q(p, , t) is uniformly asymp- 
totically stable, then the set (x, D(x), Q’“(x), ..a) is asymptotically stable (in the 
sense of LaSalle). Furthermore, v(pz , t) is a harmonic solution of (7) if and 
only if x is a fixed point of some @ L, K > 1. Theorem 4 above would then 
follow from [22; Lemma 91. 
By restricting the differential equation (7) to LB, this argument can be 
modified to establish Theorem 4, without the assumption that the solutions 
of (7) are defined for all t > 0. 
LaSalle’s asymptotic stability is weaker than uniform asymptotic stability 
for periodic differential equation of the type (7). However, under certain 
conditions they are equivalent. For a discussion of this see [Z3; pp. 91-1011. 
THEOREM 5. If  there is a solution p)(t) of (7) that is bounded for all t 
and is uniformly asymptotically stable-in-the-large, then p(t) is a harmonic 
solution. Moreover, p(t) is the only periodic solution of (7) in the sense that any 
other periodic solution of (7) is of the form q(t + a) for some a in RI. 
Proof. Let v(t) = ~(p, t) for some p in R” x R1, and let n-(p, t) be given 
as in Theorem 4. Then p E LB. Also, since ~(p, t) is uniformly asymptotically 
stable in-the-large, A(v) = Rn x R1. Consequently, the region of attraction 
of p in X is A(p) = X. Since p)(t) is bounded for all t in R, Cl y(p) CA(p). 
Hence x(p, t) is periodic by Theorem 3, and ~(p, t) is a harmonic solution of 
(7). Also, the uniqueness of p, in the sense stated in the theorem, is obvious 
because the only nonempty w-limit set in X is fir, . Q.E.D. 
Remarks. 1. It should be emphasized that every periodic motion 
~(p, t) on X corresponds to a harmonic solution of (7). A periodic solution 
of (7), whose minimal period is incommensurable with w, would appear as an 
almost periodic motion in X, which is not periodic. It follows then that any 
periodic solution of (7), whose minimal period is incommensurable with W, 
cannot be uniformly asymptotically stable. 
2. Theorems 4 and 5 can be extended to the case in which f(~, t) is 
defined on W x R’, where W is an open set in R”. Essentially the same 
argument can be used. In this case, the assumption regarding the bounded- 
ness of q(t) would have to be replaced by the assumption that p)(t) lies in a 
compact subset of W. 
3. Theorems 4 and 5 admit an extension similar to that of Theorem 2, 
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where we hypothesize uniform asymptotic stability with respect to a subset D 
in R” x RI. 
4. One could weaken the assumption of stability-in-the-large in Theo- 
rem 5. That is, one can prove the following result. 
COROLLARY. Let ~(p, t) be a solution of (7) that is boundedfor all t and is 
un;formZy asymptotically stable. If Cl {(~(p, t), t) : t E R} C A(v), the region 
of attraction of v, then ~(p, t) is a harmonic solution of (7). 
Naturally, one cannot prove the uniqueness condition of Theorem 5 in 
this case. 
5. AUTONOMOUS DIFFERENTIAL EQUATIONS 
Every autonomous differential equation 
x’ = f(x) (9) 
is periodic in t, so Theorems 4 and 5 apply in this case. We will assume that 
f  : R” --+ R” is continuous and that (9) satisfies some uniqueness condition. 
For this equation we can prove the following result, which may be somewhat 
surprising. 
THEOREM 6. If v(t) is a periodic solution of (9) that is uniformly asymp- 
totically stable, then p)(t) is an equilibrium point of (9), that is, p)(t) = x,, , a 
constant. 
Proof. Assume that g)(t) is a periodic solution of (9) which is uniformly 
asymptotically stable. If  q(t) were not an equilibrium point, then it would 
have a minimal period 01 > 0. However, f(x) is periodic in t of any period w. 
Now choose w so that w and a: are are incommensurable, that is, wa-l is 
irrational. Then by Remark 1 following Theorem 5, p)(t) is not uniformly 
asymptotically stable, a contradiction. Hence q(t) is an equilibrium point 
of (9). Q.E.D. 
The following result is now a direct application of Theorems 4, 5, and 6. 
THEOREM 7. Let p)(t) be a solution of (9) that is uniformly asymptotically 
srable. 
(A) If T(t) is bounded for all t > 0, then lim,,, p)(t) exists, and this is 
uniformly asymptotically stable equilibrium point of (9). 
(B) If g)(t) is bounded for all t and Cl {(v(t), t) : t E R} is in the region of 
attraction of v, then p(t) is an equilibrium point of (9). 
(C) If g?(t) is bounded for all t and is uniformly asymptoticalZy stable-in-the- 
large, then F(t) is the unique equilibrium point of (9). 
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6. COMMENTS ON THE DEFINITIONS OF STABILITY 
The meaning of Theorems 6 and 7 can be better understood by considering 
the van der Pol equation 
yb + p(y” - I)y’ f y  = 0. (10) 
It is known [14] that for every p > 0, equation (10) has exactly one “stabIe” 
limit cycle; moreover, the solution through every point, other than 
y  = y’ = 0, approaches this limit cycle. [The limit cycle is a non-trivial 
periodic solution of (lo).] Because of Theorem 6, this solution cannot be 
uniformly asymptotically stable. This fact can be proved another way. Pick 
two points P and Q on the limit cycle and consider the solutions through 
each point at t = 0. If  P # Q, then the distance between the solutions is 
bounded away from 0. [The flow induced by (10) is distal on the limit cycle.] 
Hence the solution through Q is not uniformly asymptotically stable. 
This example shows that, in some sense, the concept of uniform asymptotic 
stability defined in Section 3 is inadequate. There are “asymptotically 
stable” solutions which are not included above. This observation is not 
new. It was known by Poincare [15], and it has been studied by several 
modern authors. 
Some writers [2, 6, 16, 171 have investigated the concept of stability and 
asymptotic stability of sets. These investigations have been helpful in under- 
standing the behavior of solutions in the neighborhood of a given invariant 
set M. However, in general, these techniques do not give any insight into 
the properties of the solutions in the set M itself. The concepts of stability 
and asymptotic stability of sets are too crude to give much information about 
the interior behavior of the sets. 
The concept of stability that seems most appropriate for studying periodic 
(or almost periodic) solutions is asymptotic orbital stability with asymptotic 
phase. This type of stability is slightly weaker than the concept of asymptotic 
stability defined in Section 1. Asymptotic orbital stability with asymptotic 
phase has been studied by E. A. Coddington and N. Levinson [18; Chap. 131 
and J. K. Hale [19; Chap. 41. We will not attempt to describe their work here; 
however, one might note that the limit cycle of the van der Pol equation (10) 
is stable in this sense. 
7. THE VARIATIONAL EQUATION 
Consider for the moment the nonautonomous differential equation 
zk’ = F(u, t) (11) 
on W x RI, where W is an open set in Rn containing 0. As before, we assume 
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that F is continuous, and that (11) h as a unique solution through each point 
in W x R1. Further, we assume that F(O, t) = 0 for all t. We have seen in 
Section 3 that equations of type (11) arise as variational equations. For 
example, if v(t) is any solution of an autonomous differential equation 
and 
0, 4 =f@ + Y(Q) -fbW 
then (11) is the variational equation of y. Let 9 denote the class of all 
functions F(u, t) which arise as variational equations of some solution y  of 
some autonomous equation (12). It is clear that if y(t) is a periodic solution 
of (12), then F(u, t) is periodic in t. Also, if q(t) is an almost periodic solution 
of (12), then F(u, t) is almost periodic in t. 
J, L. Massera [3] has shown that if F(u, t) is periodic in t, then the null 
solution is uniformly asymptotically stable if and only if it is (non-uniformly) 
asymptotically stable, that is, if and only if (i) for every t, 3 0 and every 
E > 0 there is a 6 > 0 such that ] $(ua , t, , t) / < E for all t 3 to , whenever 
1 u,, / < 6, and (ii) there is a 8, = a,(&) > 0 such that if 1 ua 1 < 8, , then 
I #(uo 7 to 9 4 I - 0 as t - 03. It now follows, from Theorem 6, that the 
null solution of every (non-autonomous) periodic equation (1 l), where F 
is in P, is not asymptotically stable. 
The last assertion is also true for almost periodic differential equations. 
However, to prove it we need the following extension of Theorem 6. 
THEOREM 8. If p)(t) is an almost periodic solution of the autonomous dif- 
ferential equation (12) that is asymptotically stable, then v(t) is an equilibrium 
point of (12), that is, F(t) = x0, a constant. 
Proof. The closure M of the orbit of p(t) is a minimal set in the flow 
defined by (12). This is a minimal set of almost periodic motion so the flow 
is equicontinuous and distal on 1M. If g)(t) is periodic, then asymptotic 
stability implies uniform asymptotic stability, and this reduces to Theorem 6. 
If  cp(t) is almost periodic, and not periodic, then by [4; Corollary 5.131 there 
are points on M, which are not on the orbit of p)(t) and which are arbitrarily 
close to any fixed point p)(to). In particular, there is a 4 in M such that 
0 < 1 q - g)(to) 1 < 6, (where 6, is determined by the asymptotic stability). 
Hence 1 r&, t) - p)(t) / + 0 as t - CO, and this contradicts the fact that the 
flow is distal on M. Hence v(t) = x0, a constant. Q.E.D. 
It now follows that the null solution of every (non-autonomous) almost 
periodic equation (11) where F is in s, is not asymptotically stable. For 
example, the almost periodic differential equation constructed in [20] is 
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not the variational equation of some almost periodic solution of an auto- 
nomous differential equation, since the null solution is asymptotically stable. 
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